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Abstract: Network autoregression and factor model are effective methods for modeling network time 

series data. In this study, we propose a network autoregression model with a factor structure that incor‐

porates a latent group structure to address nodal heterogeneity within the network. An iterative algo‐

rithm is employed to minimize a least-squares objective function, allowing for simultaneous estimation 

of both the parameters and the group structure. To determine the unknown number of groups and fac‐

tors, a PIC criterion is introduced. Additionally, statistical inference of the estimated parameters is pre‐

sented. To assess the validity of the proposed estimation and inference procedures, we conduct exten‐

sive numerical studies. We also demonstrate the utility of our model using a stock dataset obtained from 

the Chinese A-Share stock market.
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1　Introduction

Modeling network time series data is a crucial undertaking in numerous fields, as the popularity of network 

data continues to grow.  Network data modeling has a broad range of applications, including social network analy‐

sis(Lewis et al. , 2008), financial risk management(Matthews, 2013), and spatial-temporal data modeling, among 

others.

In order to model network time series data, Zhu et al. (2017) proposed a network autoregression model to 

capture the dynamic relationships between network nodes.  While useful, this model is limited by its assumption 

of homogeneous regression coefficients across all nodes in the network.  To allow for greater heterogeneity, a pos‐

sible extension is to incorporate a group structure among the regression coefficients.  This approach is related to 

recent literature on group panel data models.  For example, Lin et al. (2012) studied linear panel data models with 

parameter heterogeneity and employed group-specific slope coefficients to capture the group effect.  They used a 

threshold-based method for parameter estimation and group membership assignment.  Liu et al. (2020) extended 

this approach to both linear and nonlinear panel data models with group structure and proposed an iterative esti‐

mation algorithm that ensures consistency, provided that the number of groups is properly specified.  For network 

data, Zhu et al. (2022) proposed a group network autoregression (GNAR) model that characterizes the network in‐

teraction effect.
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The GNAR model, while able to flexibly model time series data collected from a large number of network 

nodes, is still limited in its ability to fully capture the complex dynamic patterns exhibited by all network nodes.  

One potential solution to this issue is to incorporate the factor model structure into the GNAR model.  The factor 

model has been extensively studied in the literature and has a wide range of applications.  For example, Fama et 

al. (1993) proposed the well-known five-factor model, which includes bond-market and stock-market factors to 

explain returns on stocks and bonds.  Fan et al. (2011) used approximate factor models for high-dimensional cova‐

riance estimation, assuming that the error terms adopt a sparse covariance matrix, and used an adaptive threshold‐

ing technique for estimation.  Ando et al. (2017) proposed a grouped factor model and applied it to cluster high-

dimensional time series of financial data to capture the co-movement of stocks.  Other related works include Hou 

et al. (2015), Bai(2003), and Stock et al. (2011).  Combining the GNAR model with the grouped factor model is a 

natural way to enhance the interpretability power of complex time series collected from network nodes.

In this work, we propose a network autoregression model with a factor structure, which introduces a latent 

group structure to account for nodal heterogeneity and leverages the factor structure to model complex dynamic 

patterns.  To estimate the parameters and group structure simultaneously, we utilize an iterative algorithm.  To 

identify the appropriate group and factor numbers, we introduce a PIC criterion for model selection.  Furthermore, 

we provide a statistical inference procedure for the estimated parameters, and validate the estimation and infer‐

ence procedures through extensive numerical studies.  Finally, we demonstrate the practical usefulness of the 

proposed model through an empirical analysis using data collected from the Chinese A-Share market.

The rest of this paper is organized as follows.  Section 2 introduces the model and notations, the algorithm 

used to estimate the model, the procedures used for model selection, and the statistical inference.  Section 3 

presents the results of simulation studies and an empirical data analysis.  Finally, Section 4 offers concluding remarks.

2　Network autoregression with factor structure

2. 1　Model and notations

Consider a network with N nodes indexed as i = 1,⋯, N.  For the ith node, let Yit ∈ R be the dynamic re‐

sponse collected from the ith node at the tth time point for 1 ≤ t ≤ T.  For instance, Yit can be the weekly return 

from the ith stock at the tth week.  To characterize the network relationship among the network nodes, we employ 

an adjacency matrix A = (aij) ∈ RN × N.  Specifically, aij = 1 implies that the ith node follows the jth node, other‐

wise aij = 0.  Following the convention we let aii = 0.  Let W = (wij) = (n-1
i aij) ∈ RN × N be the row-normalized ad‐

jacency matrix, where ni = ∑
j

aij is the out-degree of the ith node.  In addition, associated with the ith node at time 

t, we can collect a set of covariates x it ∈ Rp.

To characterize the nodes' heterogeneity patterns, we introduce a group structure among the nodes.  Specifi‐

cally, let gi ∈ [G ] be the group membership of the ith node.  To model the dynamic pattern of Yit, we consider the 

following autoregression model by embedding the observed network structure information,

Yit = ∑
j

βgigjwijYj ( )t - 1  +νgiYi ( )t - 1 + xTitγgi + εit， （1）

where εit is a noise term.  Here βgigj captures the network effect between node i and j, νgi is the momentum effect of 

the node, and γgi is the regression coefficient for the exogenous covariates.  Although the model (1) characterizes 

the network dependence among the nodes, it does not account for the common driven factors for nodes within the 

same group.  To address this issue, we following Ando et al. (2017) and introduce a grouped factor model struc‐

ture for the noise term, which is given by:

εit = λTgi，i fgi，t + eit. （2）

Here fg,t ∈ Rrg is a group specific factor with factor loading λg,i ∈ Rrg.  Lastly, eit is an independent and identically 
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distributed noise term with mean zero and variance σ2.
Notations   Through out this paper, we define [ ]n = { }1,⋯,n  for any integer n ≥ 1. In addition, we denote  In 

as identity matrix of dimension n × n for any positive integer n ≥ 1. Besides, for an arbitrary vector v =
( )v1,⋯,vn T ∈ R n, we denote its L2-norm as  v = ( )∑

i = 1

n

v2
i

1  2
 .

2. 2　Model estimation

We first discuss the estimation when the number of groups G and the number of group specific factors rg are 

given.  Let β = ( βgg' : g, g' ∈ [G ] ) ∈ RG × G, ν = (νg : g ∈ [G ] ) T
, γ = (γ1,⋯,γG ) T

, and we collect the parameters in 

Θ = { β,ν,γ }.  In addition, let Λg = (λg,i : gi = g) T ∈ RNg × rg and Fg = ( fg,1,⋯, fg,T) T ∈ RT × rg, where Ng is the num‐

ber of nodes in the gth group.  Lastly, let G = (gi : i ∈ [N ] ) T
 collects the group memberships of all subjects.  To 

estimate the parameters, we minimize the following objective function,

L ( )Θ,Λ1,F1,⋯,ΛG,FG,G = ∑
i,t ( )Yit - ∑

j

βgigj wijYj ( )t - 1 - νgiYi ( )t - 1 - xT
itγgi - λT

gi,i fgi,t

2
 .

We optimize the above objective function using an iterative algorithm.  First, given {Θ, G }, we define Zg =
( zg,1,⋯, zg,Ng ) T ∈ RNg × T, where zg,i = (εit : gi = g, t ∈ [T ] ) T

.  Following Bai et al. (2002), we can estimate Fg by us‐

ing the eigenvalue decomposition of ZT
gZg under the identification condition FT

gFg /T = I rg.  Specifically, we should 

have F̂g = T F͂g, where F͂g collects the eigenvectors of ZT
gZg corresponding to the largest rg eigenvalues.  Given 

F̂g, the estimate of factor loading can be obtained as Λ̂g = ZgF̂g /T.

Next, given {Λ1, F1, ⋯, ΛG, FG, G }, we can update Θ via OLS method.  We define Θg = ( βg ⋅, νg, γT
g ) T

 

∈ RG + p + 1, where βg ⋅ is the gth row vector of β.  In addition, we let X it = (∑j

wij I ( )gj = 1 Yj ( )t - 1 , ⋯ , 

)∑
j

wij I ( )gj = G Yj ( )t - 1 , Yi ( )t - 1 , xT
it

T
∈ RG + p + 1, Y͂it = Yit - λT

gi,i fgi,t.  Then we have

Θ̂g = (∑i ∈ Cg
∑
t

X itX T
it ) -1(∑i ∈ Cg

∑
t

X itY͂ it )， （2）

where Cg = { i : gi = g }.
Lastly, given {Θ, Λ1, F1,⋯, ΛG, FG }, we update the group memberships G by minimizing the sum of squared 

residuals among all G possible groups for each node i sequentially from 1 to N.  Specifically, with the information 

of all group memberships except for node i denoted by G( )-i = (gj : j ≠ i), we assign node i to the group that has 

the smallest sum of squared residuals, which takes the form

ĝi = argmin
g

∑
t ( )Yit - ∑

j

βggj wijYj ( )t - 1 - νgYi ( )t - 1 - xT
itγg - λT

g,i fg,t

2

+ ∑
j : aji = 1,t( )Yjt - ∑

k : k ≠ i
βgjgk wjkYk ( )t - 1 - βgjgwjiYi ( )t - 1 - νgjYj ( )t - 1 - xT

jtγgj - λT
gj,j fgj,t

2
 ,

（3）

where λg,i is given by λg,i = FT
g z i /T for g = 1,⋯,G.

We summarize the algorithm as illustrated above when the number of groups G and the number of group spe‐

cific factors rg, (g = 1,⋯,G ) are given in Algorithm 1.  With respect to the implementation of the algorithm, we 

have the following remarks.

Remark 1   To obtain a reliable estimation result, it is necessary to set appropriate initial values of group 

memberships and parameters in Algorithm 1, as the algorithm is not strictly convex.  Specifically, we suggest the 
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following approach.  First, for each node i, we ignore the factor structure and the network structure, and only con‐

sider the Yi ( )t - 1  and x it in the right side of (1).  Using the least squares estimation method, we can obtain ᾶ i =

(∑t

x͂ it x͂T
it ) -1∑

t

x͂ itYit, where x͂ it = (Yi ( )t - 1 ,xT
it) T

.  Then we can apply the K-means algorithm on ᾶ i to cluster the N 

nodes into G groups.  This gives the initial value of the group memberships G ( )0 = (g( )0
i  : i ∈ [N ] ) T

.  Next, given 

the initial values of the group memberships, we can obtain a rough estimate of the parameters Θ( )0
g =

( β( )0
g ⋅ , ν( )0

g , γ( )0 T
g ) T, (g = 1,⋯,G ) by ignoring the factor structures.  This serves as the initial values for the Algorithm 

1.  In simulation studies, this initial values contribute to fast convergence and superb estimation quality.

Remark 2   The principle components' estimate of the factors requires the eigen-decomposition of the T × T 

matrix ZT
gZg, which can be computationally expensive when the time span T is large.  To address this issue, Bai et 

al. (2002) proposes an alternative approach for estimating the factor structure.  Specifically, it firstly estimates the 

factor loadings Λg, subject to the normalization of ΛT
gΛg /N = I rg, which is Ng  times the first rg eigenvectors of 

ZgZT
g ∈ RNg × Ng.  Suppose the estimate is given by Λ̂g, then we can obtain the estimate for Fg as F̂g = ZT

g Λ̂g /Ng.  

This alternative approach can speed up the estimation of the factor structure when Ng < T.

Remark 3   As pointed out by Zhu et al. (2022), the node i's group membership gi is involved in the objec‐

tive function (2) not only through node i itself, but also through all those nodes that follows node i.  As a result, 

the group membership updating equation (3) takes into consideration of two parts.  The first part is the loss func‐

tion of node i itself; the second part is the total loss function of nodes in { j : aij = 1}.  Due to the sparse structure 

of real world networks, the updating procedure can be efficiently conducted.

2. 3　Group and factor number estimation

In practice, the number of groups G and the number of group-specific factors rg are usually unknown and 

need to be determined before conducting the estimation algorithm.  To conduct the estimation algorithm, we first 

need to estimate the group number as well as the factor number.  Motivated by Ando et al. (2017), we adopt an pe‐

nalized information criterion(PIC) For estimation.  The PIC is formulated as follows,

Algorithm 1 Iterative estimation algorithm

(i) Fix the number of groups G and the number of group specific factors rg for g = 1,⋯,G.  Initial‐

ize the group memberships G ( )0 = (g( )0
i  : i ∈ [N ] ) T

 and the parameters Θ( )0
g = ( β( )0

g ⋅ , ν( )0
g ,γ( )0 T

g ) T, g =
1,⋯,G.

(ii) For m = 1,2,…, repeat the following iterations till converge

(a) Given G ( )m - 1 = (g( )m - 1
i  : i ∈ [N ] ) T

 and Θ( )m - 1
g = ( β( )m - 1

g ⋅ , ν( )m - 1
g ,γ( )m - 1 T

g ) T, g = 1,⋯,G, update the 

estimation of group specific factors and factor loadings {Λ( )m1 , F( )m1 ,⋯, Λ( )m
G , F( )m

G } via the principle com‐

ponents' estimates.

(b) Given G ( )m - 1 = (g( )m - 1
i  : i ∈ [N ] ) T

 and {Λ( )m1 ,F( )m1 ,⋯, Λ( )m
G ,F( )m

G } , update the parameters Θ( )m
g =

( β( )m
g , ν( )m

g , γ( )m T
g ) T, g = 1,⋯,G by (2).

(c) Given {Λ( )m1 , F( )m1 ,⋯, Λ( )m
G ,F( )m

G } and Θ( )m
g = ( β( )m

g ⋅ ,ν( )m
g ,γ( )m T

g ) T, g = 1,⋯,G, update G ( )m = (g( )m
i :

i ∈ [N ] ) T
 by (3).
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PIC( )G，r1，⋯，rG = 1
NT∑

i，t ( )Yit - ∑
j

βgigjwijYj ( )t - 1 - νgiYi ( )t - 1 - xT
itγgi - λT

gi，i fgi，t

2

 +  1G∑g
C × rg × σ̂2( )T + Ng

TNg
log ( )TNg ，

（4）

where C is some positive constant and σ̂2 is an estimate of E (e2
it ).  The first part of PIC measures the goodness of 

model fitting while the second term is the penalty term applied on the number of groups and the number of group 

specific factors.  By minimizing PIC we can select the appropriate values of G and rg from a properly predefined 

range.  In practice, the σ̂2 can be estimated by 
1
NT∑

i = 1

N ∑
t = 1

N

ê2
it when the possible largest G and rg are specified, where 

ê it is the corresponding residual value.

As shown by (4), the finite sample performance of the PIC replies largely on the specification of the tuning 

parameter C.  To specify an appropriate value of C, we adopt the subsample based approach recommended by 

Ando et al. (2017), Hallin et al. (2007) and Alessi et al. (2010).  Specifically, we define a set of time spans T =
T ( )0 > T ( )1 > ⋯ > T ( )S > 1 with a pre-specified number S.  Typically, T ( )s  is chosen as a grid value, e. g. , T ( )s = T -
ms where m is a pre-specified integer number.  Specifically, let rCg (N,T ( )s ) denote the estimated factor number of 

the gth group by minimizing the PIC value with tuning parameter C using the subsample data D s =
{(Yit,x it ) : i }∈ [N ] , t ∈ [T ( )s ] .  Following Ando et al. (2017), we utilize the following empirical variance measure to 

select C as

V 2
C = ∑

g = 1

Gmax é

ë

ê
êê
ê
ê
ê ù

û

ú
úú
ú
ú
ú1

S∑
s = 1

S ( )rCg ( )N，T ( )s - S-1∑
s' = 1

S

rCg ( )N，T ( )s'
2
， （5）

where Gmax denotes the largest G value under consideration.  Specifically, we set rCg (N,T ( )s ) = 0 for g > GC(N,T ( )s ), 
where GC(N,T ( )s ) is the estimated number of groups with subsample D s and tuning parameter C.  We summarize 

the model fitting procedure in the following.

Model Fitting Procedure

Step 1   Fix the tuning parameter C. For each candidate pairs of G ∈ [Gmax ] and rg ∈ [ rmax ], estimate the model 

using algorithm 1, compute the PIC values.  Select the (G,r1,⋯, rG ) that minimizes PIC.

Step 2   Repeat Step 1 using the subsamples D s and calculate the corresponding V 2
C  values as in (5).

Step 3   Select the tuning parameter C that corresponds with stable V 2
C  values.

2. 4　Statistical inference

In this section, we provide a statistical inference procedure for the estimated parameters Θ.  As implied by 

the recent results of Ando et al. (2017) and Zhu et al. (2022), the group membership can be consistently estimated 

when G = G0, where G0 is the true group number.  Therefore, in this subsection, we discuss the statistical infer‐

ence of Θ̂ when the true group membership is given, i. e. , G = G 0, where G 0 is the true membership.  For the gth 

group, we define Fg = ( fgt : t ∈ [T ] ) T ∈ RNg × rg and introduce the projection matrix

Mg = IT - Fg(FT
gFg ) -1

FT
g = IT - FgFT

g /T.
Then the least squares estimator for Θg given F = { F1,⋯,FG } can be expressed as

Θ̂g(F) = (∑i ∈ Cg
XT

iMgX i ) -1(∑i ∈ Cg
XT

iMgY i )，
where X i = (X it : t ∈ [T ] ) T ∈ RT × ( )G + p + 1  is previously defined.  It readily follows Bai(2009) to obtain the asymp‐

totic normality result for Θ̂g - Θ0
g, where Θ0

g is the true value for Θg.  Suppose the error term eit is i. i. d over t and 

i with zero mean and variance σ2.  We state the results in our case as follows.  Let
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D̂ ( )Fg = 1
NgT

∑
i：gi = g( )XT

iMgX i - 1
Ng

∑
j：gj = g

XT
i MgX i cg，ji ，

where cg,ji = λT
g,i(ΛT

gΛg ) -1
λg,j.  By Corollary 5. 7 of Bai(2009), under certain regularity conditions, as N,T → ∞ 

with T/N → 0, we have

NgT D̂ (Fg ) -1/2(Θ̂g - Θ0
g )¾®¾¾

d
N (0，σ2I) . （6）

In practice, we implement the inference procedure by substituting D̂ (Fg ) as D̂ (F̂g ) and σ2 as σ̂2 = (NT ) -1∑
i, t
ê2
it to 

implement the inference procedure.  We examine the performance of the statistical inference procedure in the fol‐

lowing section.

3　Numerical studies

3. 1　Simulation

3. 1. 1　Simulation models and algorithm implementation　To demonstrate the finite sample performance of the 

proposed method, we conduct simulation studies with various network structures and parameter settings using 

model (1).  Specifically, the covariates x it , the group-specific factor fg, t, and the factor loading λg,i are all indepen‐

dently and identically sampled from the standard normal distribution N (0,1).  We investigate the following two 

network structures.

1) Stochastic Block Model(SBM).  In the SBM network structure, the nodes are partitioned into K communi‐

ties.  Nodes from the same communities have higher probability to be connected, compared to nodes from differ‐

ent communities.  Specifically, we set P (aij = 1) = 2log (N ) /N if node i and node j are from the same communi‐

ties, and P (aij = 1) = log (N ) /N otherwise.  For different network sizes N = 100,200,300, we set the number of 

communities as K = 5,10,15, respectively.

2) Power-law Distribution Network(POW).  In the POW network, the in-degrees (di = ∑
j = 1

N

aji ) of nodes fol‐

low a power-law distribution.  Specifically, for each node i, we generate P (di = d) = cd-α, where c is a normaliz‐

ing constant and α is the exponent parameter.  We set α = 2. 5 as suggested by Clauset et al. (2009).  This net‐

work well captures the characteristics that the majority of nodes have few followers while a small percentage of 

nodes have a large number of followers.

For each network structure, we consider two group settings with true number of groups G0 = 2 and G0 = 3, 

and sample the true memberships of nodes from a multinomial distribution with (π1,π2 ) = (0. 5, 0. 5) for G0 = 2 

and (π1,π2,π3 ) = (0. 3, 0. 3, 0. 4) for G0 = 3 respectively.  For convenience we set the number of factors r0
g = 2 

for g ∈ [G0 ] and p = 2 for the dimension of x it across all group settings, and the true parameters are specified in 

Table 1 for G0 = 2 and G0 = 3 respectively.  Here r0
g refers to the true factor number in the gth group.  To compare 

the model performance under different types of noise terms, we follow Zou et al. (2017) to consider three differ‐

ent scenarios where the noise terms eit are sampled from different distributions.  In scenario 1, the noise terms are 

i. i. d sampled from standard normal distribution.  In scenario 2, the noise terms are i. i. d sampled from a mixture 

normal distribution ξ ⋅ N (0, 5/9) + (1 - ξ ) ⋅ N (0, 5), where P ( ξ = 1) = 0. 9 and P ( ξ = 0) = 0. 1.  In scenario 

3, the noise terms are i. i. d sampled from a standardized exponential distribution Exp(1) - 1.  We set different 

network sizes as N = 100, 200, 300 and time span T = 100, 200, 300 and run each model setting for B = 200 times.

3. 1. 2　Performance measurements and simulation results　We utilize the proposed PIC criterion to select the 

number of groups G and the number of group specific factors rg, which depends on the value of C.  We set possi‐

ble candidates for C as C = 0. 1k, k = 0,1,⋯,20.  To identify an appropriate value of C using V 2
C , we set the sub‐
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sample size T ( )s = T - s × 10 with s = 0,1,⋯,4.  For each model setting, we first repeat the calculation of V 2
C  for 

20 times to observe its behavior.  Figure 1 plots V 2
C  values against C under the POW network with size N =

200, T = 200, G0 = 2 and r0
g = 2 for g = 1,2.  The plot reveals that both extremely small and large values of C re‐

sult in fluctuations of the V 2
C  values.  However, a range of C values between 0. 4 and 1. 2 yields stable V 2

C  values in 

the 20 simulations.  To facilitate our analysis, we set C = 1 for all model settings in the 200 simulation runs.  This 

choice leads to satisfactory numerical results that are sufficient for illustrating the model's performance.  The plot 

reveals that both extremely small and large values of C result in fluctuations of the V 2
C  values.  However, a range 

of C values between 0. 4 and 1. 2 yields stable V 2
C  values in the 20 simulations.  To facilitate our analysis, we set 

C = 1 for all model settings in the 200 simulation runs.  This choice leads to satisfactory numerical results that are 

sufficient for illustrating the model's performance.

We first evaluate the performance of the proposed 

model selection method.  In the bth simulation round, the es‐

timated group number and factor numbers are denoted as Ĝ( )b  

and r̂( )b
g  respectively.  To measure the accuracy of estimated 

group numbers, we calculate RG
U = B-1∑

b

I ( )Ĝ( )b < G0 , RG
C =

B-1∑
b

I ( )Ĝ( )b = G0 , and RG
O = B-1∑

b

I ( )Ĝ( )b > G0  as the per‐

centage of under-estimated, correctly estimated, and over-

estimated group numbers.  Next, we evaluate the accuracy of 

the factor number estimation.  For convenience, we only 

evaluate the cases when the group number is correctly esti‐

mated.  Similar to the previous definitions, we define Rf
U =

B-10 ∑
b
∑
g = 1

G0

I ( )Ĝ( )b = G0 ,r̂( )b
g < r0

g , Rf
C = B-10 ∑

b
∑
g = 1

G0

I ( )Ĝ( )b = G0 ,r̂( )b
g = r0

g , Rf
O = B-10 ∑

b
∑
g = 1

G0

I ( )Ĝ( )b = G0 ,r̂( )b
g > r0

g , where B0 =
∑
b

I ( )Ĝ( )b = G0 .  The percentage (%) of under, correct and over-estimated number of groups Ĝ and the number of 

factors r̂g for the SBM network and POW network are summarized in Table 2-4 for scenario 1 to scenario 3, re‐

spectively.  First we look at the Table 2 for scenario 1.  We can see that when the group structure is relatively 

simple (G0 = 2), the proposed model selection method can select the correct model nearly all the time, except for 

a few cases of over-estimated number of groups Ĝ when the network size N and time span T are both small (N =
100,T = 100).  When G0 = 3, the group structure is more complex and the proposed model selection method have 

both under- and over-estimation cases regarding Ĝ and r̂g.  However, one can clearly observe that as the network 

size N and time span T increases, the selection accuracy significantly increases.  This indicates that our proposed 

model selection method can consistently select the true model.

The model selection results in scenario 2 and 3 are quiet similar to the results in scenario 1.  Specifically, the 

scenario 2 and 3 have relatively higher selection accuracy in the number of groups Ĝ, but slightly lower accuracy 

Table 1　True parameters for G0 = 2 and G0 = 3

Groups

g/g'
1

2

3

G0 = 2
β 0
g，g'

1

0. 3

0. 1

-

2

0. 1

-0. 1

-

3

-

-

-

ν0
g

-

0. 1

-0. 1

-

γ0
g

-

0. 3

0. 15

-

-

0. 15

-0. 1

-

G0 = 3

1

0. 2

0. 1

0. 15

β 0
g，g'
2

0. 2

0. 3

0. 1

3

-0. 1

-0. 2

-0. 4

ν0
g

-

-0. 1

0. 05

0. 15

γ0
g

-

0. 3

0. 25

0. 15

-

0. 1

-0. 1

-0. 3

Fig. 1　Behavior pattern of values of V 2
C 

on different values of C
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Table 2　The percentage （%） of under， correct and over-estimated number of groups Ĝ and the number of factors r̂g in scenario 1 

G0

2

3

N

100

200

300

100

200

300

T

100

200

300

100

200

300

100

200

300

100

200

300

100

200

300

100

200

300

POW

RGU
0

0

0

0

0

0

0

0

0

9

6. 5

1. 5

0

0

0

0

0

0

RGC
99

100

100

100

100

100

100

100

100

70. 5

87. 5

97

85. 5

99. 5

100

90. 5

100

100

RGO
1

0

0

0

0

0

0

0

0

20. 5

6

1. 5

14. 5

0. 5

0

9. 5

0

0

RfU
0

0

0

0

0

0

0

0

0

5. 4

4

2. 9

0. 8

0

0

0

0

0

RfC
100

100

100

100

100

100

100

100

100

91. 5

94. 5

96. 4

98. 4

100

100

99. 6

100

100

RfO
0

0

0

0

0

0

0

0

0

3. 1

1. 5

0. 7

0. 8

0

0

0. 4

0

0

SBM

RGU
0

0

0

0

0

0

0

0

0

6. 5

7. 5

4. 5

0

0

0

0

0

0

RGC
99. 5

100

100

100

100

100

100

100

100

71

87. 5

93. 5

85

99. 5

100

88

99. 5

100

RGO
0. 5

0

0

0

0

0

0

0

0

22. 5

5

2

15

0. 5

0

12

0. 5

0

RfU
0

0

0

0

0

0

0

0

0

5. 6

3. 2

2. 1

0. 2

0

0

0. 4

0

0

RfC
100

100

100

100

100

100

100

100

100

91. 5

96. 2

97. 9

98. 8

100

100

98. 7

100

100

RfO
0

0

0

0

0

0

0

0

0

2. 8

0. 6

0

1

0

0

0. 9

0

0

Table 3　The percentage （%） of under， correct and over-estimated number of groups Ĝ and the number of factors r̂g in scenario 2 

G0

2

3

N

100

200

300

100

200

300

T

100

200

300

100

200

300

100

200

300

100

200

300

100

200

300

100

200

300

POW

RGU
0

0

0

0

0

0

0

0

0

5. 5

7. 5

2

0

0

0

0

0

0

RGC
98. 5

100

100

100

100

100

100

100

100

79

87. 5

96. 5

89

100

100

89

100

100

RGO
1. 5

0

0

0

0

0

0

0

0

15. 5

5

1. 5

11

0

0

11

0

0

RfU
0

0

0

0

0

0

0

0

0

7

3. 8

3. 8

0. 7

0

0

0

0

0

RfC
100

100

100

100

100

100

100

100

100

89. 9

94. 5

95. 3

96. 4

100

100

99. 3

100

100

RfO
0

0

0

0

0

0

0

0

0

3. 2

1. 7

0. 9

2. 8

0

0

0. 7

0

0

SBM

RGU
0

0

0

0

0

0

0

0

0

5

6. 5

4. 5

0

0. 5

0

0

0

0

RGC
99. 5

100

100

100

100

100

100

100

100

77

87. 5

93. 5

87. 5

98. 5

100

91

99

100

RGO
0. 5

0

0

0

0

0

0

0

0

18

6

2

12. 5

1

0

9

1

0

RfU
0

0

0

0

0

0

0

0

0

5. 4

3

4. 1

0. 4

0

0

0. 2

0

0

RfC
100

100

100

100

100

100

100

100

100

91. 1

96. 4

95. 2

98. 9

100

100

99. 6

100

100

RfO
0

0

0

0

0

0

0

0

0

3. 5

0. 6

0. 7

0. 8

0

0

0. 2

0

0
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in the number of group specific factors r̂g.  However, as N and T gets larger, the accuracy improvement trend in 

scenario 2 and 3 is just the same as in scenario 1.  This indicates the robustness of our proposed model selection 

method against different types of noises.

Then, we evaluate the performance of the membership and parameter estimation when the number of groups 

are correctly selected.  For the membership estimation, we report the average membership estimation accuracy as 

ACmem = B-10 ∑
b = 1

B0

N-1∑
i = 1

N

I ( ĝ( )b
i = g0

i ), where ĝ( )b
i  is the estimated group membership i in the bth simulation round and 

g0
i  is the true group membership.  For parameter estimation evaluation, we report the root mean squared error 

(RMSE) for β̂, ν̂ and γ̂.  Take β̂ as an example, the RMSE is defined as RMSEβ = B-10 ∑
b = 1

B0

 β̂( )b - β0
F
 after proper 

label permutation, where β̂( )b  is the estimation for β in the bth simulation round and β0 is the true parameter.  The 

RMSE for ν̂ and γ̂ are similarly defined.  Lastly, to evaluate the performance of the statistical inference using (6), 

we construct a 95% confidence interval for each estimated parameter.  Taking ν0 for example, in the bth simula‐

tion run, the 95% interval for ν0
g is calculated as CI( )b

νg = ( ν̂( )b
g - 1. 96 SE ( )b

νg , ν̂( )b
g + 1. 96 SE ( )b

νg ), where ν̂( )b
g  and SE ( )b

νg  

are the estimated νg in the bth simulation and the estimated standard error of ν̂( )b
g  based on (6) respectively.  The 

coverage probability is then calculated as CPν = G -10 ∑
g = 1

G0

B-1∑
b = 1

B

I (ν0
g ∈ CI( )b

νg ).  The CP's for β and γ are similarly de‐

fined.

The RMSE (×1 000) for the estimation of β0， ν0 and γ0， as well as their CP (%, in the parenthesis), and the 

ACmem (%) for the SBM network and the POW network are summarized in Table 5-7 for scenario 1 to scenario 

Table 4　The percentage （%） of under， correct and over-estimated number of groups Ĝ and the number of factors r̂g in scenario 3 

G0

2

3

N

100

200

300

100

200

300

T

100

200

300

100

200

300

100

200

300

100

200

300

100

200

300

100

200

300

POW

RGU
0

0

0

0

0

0

0

0

0

8

6. 5

3

0. 5

0

0

0

0

0

RGC
99

100

100

100

100

100

100

100

100

73. 5

87. 5

97

87

100

100

93. 5

100

100

RGO
1

0

0

0

0

0

0

0

0

18. 5

6

0

12. 5

0

0

6. 5

0

0

RfU
0

0

0

0

0

0

0

0

0

7. 7

3

2. 7

0. 8

0

0

0

0

0

RfC
99. 7

100

100

100

100

100

100

100

100

88. 2

95. 6

97. 1

98. 3

100

100

99. 6

100

100

RfO
0. 3

0

0

0

0

0

0

0

0

4. 1

1. 3

0. 2

1

0

0

0. 4

0

0

SBM

RGU
0

0

0

0

0

0

0

0

0

10. 5

8

4. 5

0

0

0

0

0

0

RGC
99. 5

100

100

100

100

100

100

100

100

70

90

94

92

98. 5

100

93

100

100

RGO
0. 5

0

0

0

0

0

0

0

0

19. 5

2

1. 5

8

1. 5

0

7

0

0

RfU
0

0

0

0

0

0

0

0

0

6. 9

2. 8

3. 5

0. 5

0

0

0. 4

0

0

RfC
100

100

100

100

100

100

100

100

100

89. 5

96. 3

96. 3

98. 6

100

100

98. 7

100

100

RfO
0

0

0

0

0

0

0

0

0

3. 6

0. 9

0. 2

0. 9

0

0

0. 9

0

0
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3, respectively.  First we look at the Table 5 for scenario 1.  For the membership estimation, we can see that the 

proposed model estimation algorithm can achieve very high accuracy, even when the network size N and time 

span T are small.  As for the parameter estimation, we can see that the RMSE of all estimated parameters de‐

creases stably when the network size N and time span T increases.  Lastly, regarding the statistical inference, we 

can see that the CP values in the parenthesis are all very close to the true value 95%, despite that when the G = 3 

the difference between CPs and 95% are larger than when G = 2 on the whole.

The model estimation results in scenario 2 and 3 are also very similar to scenario 1, except that the member‐

ship estimation accuracy are slightly worse (less than 1%).  Based on the performances we can conclude that our 

proposed model estimation algorithm can consistently estimate the model parameters and the memberships, and 

that the validity of statistical inference procedures in 2. 6 are well supported.

3. 2　An empirical case study with stocks from Chinese A-Share Market

In this section, we utilize the proposed model to analyze the returns of stocks from the Chinese A-Share mar‐

ket.  We begin by presenting a brief description of the data.  Next, we employ the PIC criterion to determine the 

appropriate number of groups and factors for the data.  Finally, we conduct a model analysis using the proposed 

method.

3. 2. 1　Data description　In this study, we collected N = 766 stocks from the Chinese A-Share market after per‐

forming necessary data cleaning procedures.  Specifically, we select those stocks that have complete return and 

covariates information during the year from 2016 to 2021 from the China Stock Market and Accounting Research 

(CSMAR) database, which leads to T = 72 months in total.  The response variable Yit is the standardized return of 

each stock i at each month t.
First, since stocks from the same industry tend to exhibit higher correlation(Chan et al. , 1999), we construct 

Table 5　The results for RMSE， CP and the ACmem （%）  in scenario 1 

G0

2

3

N

100

200

300

100

200

300

T

100

200

300

100

200

300

100

200

300

100

200

300

100

200

300

100

200

300

POW

β̂0

29. 71 （92. 3）

20. 26 （93. 6）

16. 57 （94. 6）

22. 74 （93. 6）

15. 48 （95. 0）

12. 67 （95. 6）

19. 14 （93. 2）

13. 17 （94. 0）

10. 96 （94. 1）

71. 51 （93. 6）

42. 49 （94. 6）

29. 40 （93. 8）

35. 64 （94. 1）

22. 58 （95. 4）

19. 27 （94. 5）

30. 43 （95. 0）

21. 23 （94. 3）

17. 44 （95. 4）

ν̂0

14. 9 （92. 2）

10. 64 （93. 0）

8. 35 （93. 5）

10. 09 （93. 5）

6. 63 （94. 5）

5. 59 （94. 2）

8. 31 （94. 0）

5. 57 （95. 0）

4. 47 （95. 0）

21. 85 （90. 8）

14. 43 （94. 0）

11. 51 （92. 5）

13. 23 （95. 4）

8. 91 （92. 6）

6. 96 （94. 2）

10. 07 （94. 4）

7. 00 （94. 7）

5. 80 （93. 3）

γ̂0

14. 57 （94. 6）

10. 74 （94. 1）

8. 47 （94. 8）

10. 03 （94. 5）

7. 11 （94. 9）

6. 34 （93. 0）

8. 40 （94. 6）

5. 93 （95. 2）

4. 83 （94. 0）

27. 03 （94. 0）

16. 46 （93. 8）

11. 07 （94. 0）

13. 68 （93. 2）

9. 09 （93. 6）

7. 26 （95. 2）

10. 85 （93. 8）

7. 30 （94. 3）

6. 10 （94. 4）

ACmem

99. 5

100

100

99. 6

100

100

99. 5

100

100

95. 4

98. 5

99. 6

98. 7

99. 8

100

98. 9

99. 9

100

SBM

β̂0

29. 24 （93. 1）

19. 54 （94. 1）

16. 45 （94. 1）

19. 35 （92. 2）

12. 96 （94. 5）

10. 58 （94. 2）

15. 24 （95. 0）

11. 47 （93. 9）

8. 78 （93. 8）

78. 73 （92. 7）

35. 04 （93. 4）

27. 26 （94. 8）

29. 62 （94. 3）

20. 35 （94. 9）

16. 67 （94. 2）

25. 91 （93. 3）

17. 06 （94. 3）

13. 96 （94. 7）

ν̂0

14. 64 （93. 2）

10. 55 （92. 2）

8. 29 （93. 0）

9. 97 （93. 2）

6. 61 （95. 5）

5. 76 （93. 8）

8. 38 （93. 2）

5. 61 （95. 2）

4. 48 （94. 8）

25. 59 （93. 7）

13. 00 （94. 3）

11. 57 （93. 7）

12. 77 （94. 6）

8. 49 （94. 6）

6. 92 （95. 0）

11. 08 （93. 4）

7. 05 （94. 3）

5. 68 （94. 0）

γ̂0

13. 95 （95. 5）

10. 13 （94. 9）

8. 40 （94. 8）

10. 44 （93. 8）

7. 40 （94. 8）

5. 79 （95. 1）

8. 56 （93. 8）

5. 69 （94. 8）

4. 74 （95. 0）

28. 72 （92. 7）

13. 53 （94. 0）

10. 83 （94. 2）

13. 55 （94. 0）

8. 88 （95. 9）

7. 70 （92. 8）

11. 07 （94. 0）

7. 15 （95. 2）

5. 89 （94. 8）

ACmem

99. 6

100

100

99. 7

100

100

99. 6

100

100

95. 3

99. 6

99. 9

98. 9

99. 9

100

98. 8

99. 9

100
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Table 6　The results for RMSE， CP and the ACmem （%）  in scenario 2

G0

2

3

N

100

200

300

100

200

300

T

100

200

300

100

200

300

100

200

300

100

200

300

100

200

300

100

200

300

POW

β̂0

27. 72 （94. 5）

21. 07 （93. 4）

15. 93 （94. 9）

21. 27 （95. 5）

15. 82 （94. 4）

12. 92 （94. 2）

18. 49 （94. 5）

12. 83 （95. 2）

10. 72 （94. 5）

88. 26 （92. 4）

35. 86 （93. 4）

27. 35 （94. 5）

41. 62 （93. 3）

23. 19 （94. 9）

18. 80 （95. 1）

29. 91 （94. 4）

21. 31 （94. 8）

17. 83 （94. 2）

ν̂0

14. 63 （94. 4）

10. 23 （93. 8）

7. 63 （95. 5）

10. 38 （94. 2）

6. 90 （96. 2）

5. 42 （96. 2）

8. 37 （93. 2）

6. 03 （92. 0）

4. 62 （95. 0）

29. 77 （93. 2）

14. 47 （91. 1）

11. 27 （93. 9）

14. 12 （92. 8）

8. 51 （94. 5）

6. 71 （96. 5）

9. 75 （94. 3）

7. 05 （93. 7）

5. 47 （96. 3）

γ̂0

15. 04 （94. 2）

10. 33 （93. 9）

8. 35 （95. 0）

9. 96 （95. 4）

7. 28 （93. 8）

5. 92 （95. 5）

8. 45 （94. 5）

6. 03 （93. 4）

4. 69 （95. 5）

36. 61 （94. 0）

13. 90 （95. 9）

11. 08 （94. 0）

15. 53 （93. 3）

9. 03 （94. 5）

7. 08 （95. 7）

10. 81 （92. 6）

7. 20 （95. 2）

5. 81 （95. 0）

ACmem

99. 5

100

100

99. 6

100

100

99. 5

100

100

94. 7

98. 7

99. 4

98

99. 9

100

98. 9

99. 9

100

SBM

β̂0

28. 46 （93. 8）

18. 94 （94. 5）

15. 88 （94. 8）

18. 04 （94. 8）

12. 61 （94. 4）

10. 21 （95. 2）

16. 11 （93. 4）

11. 04 （94. 0）

8. 68 （94. 4）

77. 00 （93. 0）

48. 29 （92. 9）

29. 92 （93. 9）

29. 36 （94. 2）

20. 61 （93. 9）

17. 07 （94. 2）

26. 40 （93. 1）

16. 83 （95. 4）

13. 68 （94. 9）

ν̂0

14. 32 （94. 5）

10. 21 （93. 0）

7. 68 （95. 2）

10. 11 （94. 8）

7. 04 （95. 2）

5. 26 （96. 5）

8. 41 （94. 2）

6. 00 （92. 5）

4. 74 （93. 5）

24. 99 （93. 2）

15. 41 （92. 8）

11. 11 （95. 3）

12. 92 （94. 5）

8. 51 （95. 3）

6. 67 （95. 8）

10. 11 （94. 7）

7. 20 （93. 6）

5. 37 （95. 5）

γ̂0

14. 66 （94. 5）

10. 52 （93. 2）

8. 26 （94. 9）

10. 17 （93. 6）

7. 44 （94. 2）

5. 84 （94. 0）

8. 32 （94. 6）

5. 90 （95. 4）

4. 84 （94. 2）

28. 24 （92. 8）

17. 45 （95. 0）

11. 38 （93. 5）

13. 65 （93. 2）

8. 76 （95. 7）

7. 55 （94. 8）

10. 49 （95. 3）

7. 25 （94. 7）

5. 83 （94. 4）

ACmem

99. 6

100

100

99. 6

99. 9

100

99. 6

100

100

95. 8

98. 8

99. 5

98. 9

99. 9

100

99

99. 8

100

Table 7　The results for RMSE， CP and the ACmem （%）  in scenario 3

G0

2

3

N

100

200

300

100

200

300

T

100

200

300

100

200

300

100

200

300

100

200

300

100

200

300

100

200

300

POW

β̂0

26. 87 （95. 9）

19. 89 （93. 4）

16. 33 （94. 1）

21. 22 （94. 9）

15. 84 （94. 9）

13. 40 （93. 6）

18. 81 （94. 5）

13. 17 （94. 0）

10. 93 （93. 0）

81. 60 （91. 6）

33. 77 （94. 2）

27. 12 （93. 7）

35. 03 （94. 1）

22. 99 （94. 8）

20. 35 （92. 8）

31. 75 （92. 8）

21. 57 （94. 3）

17. 09 （95. 3）

ν̂0

14. 72 （91. 9）

10. 27 （93. 8）

7. 86 （95. 0）

10. 52 （92. 0）

7. 07 （94. 0）

5. 51 （95. 8）

8. 63 （92. 8）

5. 42 （95. 2）

4. 58 （93. 2）

26. 54 （90. 4）

13. 56 （94. 8）

10. 55 （94. 0）

12. 84 （93. 3）

8. 90 （93. 5）

7. 03 （94. 2）

11. 01 （91. 8）

6. 78 （96. 0）

5. 73 （94. 0）

γ̂0

15. 26 （93. 7）

10. 49 （93. 9）

8. 45 （96. 0）

9. 98 （94. 8）

7. 34 （93. 9）

5. 94 （93. 6）

8. 18 （95. 0）

6. 08 （93. 4）

4. 75 （94. 9）

32. 01 （94. 2）

13. 56 （95. 1）

11. 21 （93. 4）

13. 79 （93. 8）

9. 00 （95. 5）

7. 53 （94. 5）

10. 53 （93. 8）

7. 46 （94. 3）

5. 76 （96. 0）

ACmem

99. 6

100

100

99. 6

100

100

99. 5

100

100

93. 7

98. 9

99. 9

98. 5

99. 9

100

98. 9

99. 9

100

SBM

β̂0

28. 23 （93. 7）

18. 93 （94. 2）

15. 86 （94. 9）

18. 59 （93. 9）

12. 72 （94. 6）

10. 55 （95. 5）

16. 44 （92. 9）

10. 82 （96. 0）

8. 79 （94. 4）

89. 44 （93. 7）

42. 16 （93. 9）

27. 17 （94. 8）

29. 83 （93. 9）

21. 19 （93. 2）

17. 20 （94. 1）

24. 69 （95. 4）

16. 88 （95. 3）

13. 73 （95. 2）

ν̂0

14. 68 （92. 7）

9. 96 （94. 8）

7. 74 （95. 0）

10. 54 （92. 2）

6. 67 （95. 2）

5. 78 （94. 8）

8. 43 （93. 2）

5. 50 （95. 0）

4. 55 （93. 8）

26. 90 （90. 6）

14. 55 （93. 6）

10. 93 （92. 3）

13. 42 （92. 9）

8. 82 （94. 1）

7. 01 （94. 3）

10. 99 （91. 6）

6. 81 （94. 2）

5. 65 （95. 0）

γ̂0

14. 69 （94. 1）

9. 81 （95. 4）

8. 02 （95. 9）

10. 04 （95. 0）

7. 49 （93. 1）

5. 63 （94. 1）

8. 14 （95. 4）

6. 14 （93. 1）

4. 73 （95. 0）

32. 87 （93. 1）

15. 67 （93. 9）

10. 87 （94. 6）

13. 47 （94. 9）

9. 28 （93. 6）

7. 35 （94. 2）

11. 18 （93. 9）

7. 28 （94. 8）

6. 10 （93. 7）

ACmem

99. 5

100

100

99. 6

100

100

99. 7

100

100

94. 7

99. 2

99. 8

98. 7

99. 9

100

98. 8

99. 9

100
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the stock network A based on their industry classification.  Specifically, aij = 1 if stock i and stock j belong to the 

same industry, and aij = 0 if otherwise.  The diagonal elements of A are set to be 0.  In addition, we also collected 

p = 4 covariates from the financial statement of the firms, which are SIZE(the logarithm of the firm's market 

value), BM(book to market ratio), CASH(cash flow of the firm) and LEV(the firm's leverage ratio).  Those covari‐

ates are standardized with mean 0 and standard deviation 1.  We included these covariates because they have sig‐

nificant potential explanatory power on stock returns

(Chan et al. , 1998), and they are widely used in exist‐

ing literature(Zou et al. , 2017; Fan et al. , 2022).

We first conduct some basic data descriptive analy‐

sis as follows.  We visualize the histogram of the aver‐

age return of each stock 
1
T∑

t

Yit , i = 1,⋯, N in Figure 

2.  We can see that the majority of the stocks gained an 

average return between -1% and 3%, with only a small 

proportion of stocks having an average return over 3% 

or less than -1%.  Next, we plot the time series of aver‐

age stock returns 
1
N∑

i

Yit , t = 1,⋯,T in Figure 3.  We 

observe two peaks occurring in the third month in the year of 2016 and in the second month in the year of 2019.  

Regarding the industry distribution of the N = 766 stocks, they are sourced from 47 unique industries.  The phar‐

maceutical industry has the highest representation with 83 stocks in the industry.

3. 2. 2　Model estimation and evaluation　Next we fit our model on this stock data.  To this end, we consider 

subsample sizes T ( )s = T - s, where s = 0,1,⋯,5, and compute V 2
C  for C = 0. 1k, where k = 0,1,⋯,20.  The result‐

ing values of V 2
C  are plotted in Figure 4.  We observe that V 2

C  is relatively small in the range C ∈ [1. 1, 2. 0].  There‐

fore, we choose C = 1. 2 for the subsequent analysis.

We then use the PIC to select the group number and 

factor numbers.  This results in Ĝ = 6 and ( r̂1,⋯,r̂6 ) =
(1,1,1,1,1,1).

Table 8 presents the estimation results.  We first ex‐

amine the group membership assignment, where we ob‐

serve that each of the six groups has a size around 100, 

with Group 1 having the largest size of 178 stocks and 

Group 5 having the smallest size of 70 stocks.  The stock 

allocation across the six groups is relatively balanced, with 

each group having a specific factor.  These findings sug‐

gest a strong grouped factor structure in the stock market, 

where the stock returns are influenced by their respective 

group-specific factors.  Moving on to the group-wise net‐

work effects, we observe that most groups have negative 

inner-group network effects, indicating a negative correla‐

tion among the stocks within each group.  Regarding the 

momentum effects, we find that most groups have nega‐

tive coefficients, except for Group 5, which reflects the 

well-known mean-reversion phenomenon in the stock mar‐

Fig. 4　Behavior of values of V 2
C on different values 

of C, calculated from subsamples of real data

Fig. 3 The time series of average stock returns over 

T = 72 months

Fig. 2　Histogram of average return of p = 766 stocks
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ket.  Finally, we examine the covariate effects.  SIZE has a positive coefficient on all six groups, while BM has a 

negative coefficient on all six groups.  CASH has a positive coefficient on Group 1 and 5, and a negative coeffi‐

cient on the other groups.  LEV has a small negative coefficient on Group 1 and 2, a negative coefficient on 

Group 3 and 4, and a positive coefficient on Group 5 and 6.  In summary, the Chinese A-share market exhibits a 

strong group structure in stock returns, and their behavior patterns vary significantly depending on the group to 

which they belong.

4　Conclusion

In this work, we study the network autoregression model with factor structure.  It introduces a latent group 

structure so that it can characterize the nodes' heterogeneity patterns.  We propose an iterative algorithm to esti‐

mate the parameters as well as the group structure simultaneously.  A PIC criterion is developed to select the num‐

ber of groups and the number of group specific factors.  We also perform statistical inference on the estimated pa‐

rameters and conduct a number of simulation studies to examine the finite-sample performances.  Lastly, we ap‐

ply our model to a real stock dataset to demonstrate its usefulness.

Here we briefly discuss some future research topics.  First, we assume in our model that the same group 

structure applies to both the parameters and the factors.  It is interesting to allow for different group structures for 

regression coefficients and latent factors.  Second, rigorous theoretical investigation can be provided to the statisti‐

cal inference.  Lastly, besides the group specific factors, the inclusion of common factors may improve the inter‐

pretation power of the model.
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